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1.1 Introduccion

x = f(x) eg x = cos(x)
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1.1 Introduccion

x = f(x) eg x = cos(x)

x = f(x,aq,ay,0a3...) eg x = kx
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1.1 Introduccion

x = f(x)

r5€1 = f1(x1, %, X3,
X, = fo(xq, X3, X3,
x3 = f3(xq, X2, X3,

A

eg Xx = cos(x)

) eg x =kx

e, Aq,05,03, ... )
e, Aq,05,03, ... )
v, Aq,05,03, ... )

. u = f(u,v) + D,Au
& o= g(u,v) + D,Av
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1.1 Introduccion

x = cos(x)

* Puntos fijos: x =0 - x(t) = (%+n)7r nez
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1.1 Introduccion

x = cos(x)

* Puntos fijos: x =0 - x(t) = G+n)n n ez

» Espacio de fase: X
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1.2 Sistemas 2D

x — fX(xly; al; az; a3, )
y = fy(ny; a]_; aZI a3, ...)

FhaseF ortrait

Carlos Ros Pérez Introduccién a los Sistemas Dinamicos y Aplicaciones en Medicina



1.2.1 Sistemas lineales

8-
|

e .
y‘=ccljccid§ ~ (;c)z(? 2)(;)
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1.2.1 Sistemas lineales

S |
{§=?§1d§ ~ (;c)z(? 2)(;)

x(t 5 >
( ( )) =CeMty, + Cre’2tdy

y(t)
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1.2.1 Sistemas lineales

5)=4G) a=(0h)

Tr(A) =t=a+d
Det(A) = A =ad — bc

Det(A — AI) = 0 - (a-A\)(d-1)-bc = 0 -

> A —(a+d)A+ad —bc=0

7\1=%(T+\/T2—4A) 7\2=%(r—\/rz—4A)
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1.2.1 Sistemas lineales

A, 1, ER R S
AM>A, >0 :

e.g.

(6 —1

A_(z 3)

/11:5

12:4‘

-3-2-10123
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1.2.1 Sistemas lineales

A, A, €ER
1,>0 > A,

e.g.
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1.2.1 Sistemas lineales

A, A, €C
Al — Az*

a=0;, %0

e.g.

—-10

V3i

O DO
N R
1l
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1.2.1 Sistemas lineales

A, A, € C
Al =Az*
M=a+if

a>0;, %0
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1.2.1 Sistemas lineales

M2z €C
M=
a<0;,#0
e.g.

(=2 3
A_(B —2)
Al=_2+3l
/122_2_3l
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1.2.1 Sistemas lineales

/11= Az y
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1.2.1 Sistemas lineales
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1.2.1 Sistemas lineales

Det(A) =

e.g.

O DO
N
11l
S Ul
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1.2.1 Sistemas lineales

Cheatsheet: Classification of Phase Portaits

T2 —4A =0

\*//N@

:\ “«—» ——
N S

star or degenerate sinks

W\

sinks

spiral sinks

spiral

¥

sources

®

uniform

centres

star or degenerate sources

—_— ——

motion

sources

non-isolated stable FPs

> T

Y\
4

il

non-isolated unstable FPs

saddle nodes

Carlos Ros Pérez

Introduccién a los Sistemas Dinamicos y Aplicaciones en Medicina



1.2.2 Sistemas no lineales
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1.2.2 Sistemas no lineales

X = fx(x; y,aq4,0,0as, )
y — fy(x) y; al; az; a3, )

e

rX—fx(x Y )+x?; [ + %Ir*+®(x2,y2)

5=y ) + x5 +y fy|,. +0(2,y?)
0fx 0fx
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1.2.2 Sistemas no lineales

estable inestable semiestable

Brusselator field diagram
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ff P e R o hmoomowowomoomwow
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X
X
) ) ) Fuente: Marc Mendler, Johannes Falk, Barbara Drossel.
Fuente: Tallin university. Analysis of stochastic bifurcations
Java kursuse leht with phase portraits

Fuente: Wikimedia
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1.2.2 Sistemas no lineales

Teorema de Poincare-Bendixon: Sea R una region finita del plano delimitada por el
conjunto de curvas simples cerradas (D4, D, ...). Sea F el campo vectorial velocidad
asociado a un sistema dinamico. De verificarse:

i) Encada punto de (D4, D5, ...) Fapunta al interior de R
ii) R no contiene puntos fijos del sistema
Entonces el sistema dinamico contiene una trayectoria cerrada en R

$is.1 \_/ £g.2

Imagenes tomadas de: Haynes Miller, Ordinary Differential Equations. https://math.mit.edu/~jorloff/suppnotes/suppnotes03/Ic.pdf
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1.2.2 Sistemas no lineales

Criterio de Bendixon: Sean x = P(x,y), y = Q(x,y) el campo vectorial velocidad de
. . s . . . .. .., OP _ 0Q
un sistema dinamico. Si en un dominio simplemente conexo G la expresion — + F

tiene un signo constante ( pudiendo anularse sobre una curva o sobre puntos
aislados), entonces el sistema no tiene trayectorias cerradas sobre el dominio G
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1.2.2 Sistemas no lineales

-

)\1,2 —_ %(T i \/TZ — 4‘A)

Tr(A) =t=a+d
Det(A) = A =ad — bc

Teorema: bc>0 - A, A, ER
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2. Aplicacion

Modelo de crecimiento tumoral

Bibliografia:

* Benoit Perthame. Some mathematical models of tumor growth.
2014,

 Elisabet Oter Perrote. Some simple mathematical models of
tumor growth. 2015

* Benjamin Ribba et al. A Tumor Growth Inhibition Model for Low-
Grade Glioma Treated with Chemotherapy or Radiotherapy. 2012
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2.1. Modelo sin medicacion

(Po; QO)
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2.1. Modelo sin medicacion
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2.1. Modelo sin medicacion

* Puntos fijos

o:rp<1—(£)a)—bp+c(z L= bP

c+d
0 =bP —cQ —dQ
(PO' QO) — (O'O)
B __bd 4, bK - bd
(P, Q1) = (K(1 r(c+d)) 'c+d(1 r(c+d)) )
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2.1. Modelo sin medicacion

e Matriz Jacobiana

(o afl\_ r(1—(£)a(1+a))—b c

9P 90
df, 0f;
\oP 30/

Carlos Ros Pérez Introduccién a los Sistemas Dinamicos y Aplicaciones en Medicina



2.1. Modelo sin medicacion

(PO»QO) = (0,0)

r—>b C
J(0.0) = ( b —(c+d)>

tT=Tr(J)=r—b—c—d
A=Det(J)=(b—-1r)(c+d)—bc

7\1=%(T+\/T2—4A) 7\2=%(T—\/T2—4A)
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2.1. Modelo sin medicacion

(Py, Qp) = (0,0) bd > (c +d)r

T=Tr(J)=r—b—-—c—d
{A=Det(J)=(b—r)(c+d)—bc=bd—cr—dr

bd > (c + d)r <—>A>O<—>\/r2—4A<|r|

bd > (c+d)r o1t<0

1 1
7\1=§(T+\/T2—4A)<0 7\2=§(T—\/T2—4A)<0
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2.1. Modelo sin medicacion

(Py, Q) = (0,0) bd < (c+d)r

t=Tr(J)=r—b—-c—d
{A=Det((7) =(b—-1r)(c+d)—bc

bd < (c+ d)r <—>A<O<—>\/T2—4A>|T|<—>\/T2—4A>T

1 1
A = E(T+\/T2—4A)>O A, = E(r—\/rz—4A)<O
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2.1. Modelo sin medicacion

(Py, Q) = (0,0) bd < (c + d)r

; —b+c+d+r+(b+c+d—1)2—4(bd —cr — dr)
Y T 2b 1)
B} —b+c+d+r—/(b+c+d—71)2—4(bd — cr — dr)
UAZZ ;1)

2b

JOb+c+d—r)2—4(bd —cr—dr) = (=b+c+d —1r)2+4bc

J(=b+c+d—r)2+4bc > /(~b+c+d—-1)2=|—-b+c+d—7]
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2.1. Modelo sin medicacion

B B 1 bK B bd 1
(P, Q1) = (K(1 r(c+d)) cral r(c+d)) )
—ar + (1+a)—0»>b C
J(P1, Q1) = c+a
b —(c+d)
( d
<T=—ar+C_|_d(1+a)—b—c—d

\A =ar(c +d) — abd
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2.1. Modelo sin medicacion

B _bd 4 DK bd 4
(P, Q1) = (K(1 r(c+d)) 'c+d(1 r(c+d)) )
r

<r=—ar+c_|_d(1+a)—b—c—d

LA =ar(c+d) — abd

bd < (c +d)r <—>A>0<—>\/T2—4-A<|T|
bd < (c+d)r & 1t<0

1 1
M= SEHV P-4 <0 Ay = E(T—\/TZ—4A)<O
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2.1. Modelo sin medicacion

Criterio de Bendixon: Sean x = P(x,y), y = Q(x,y) el campo vectorial velocidad de

. . .. . . . ., OP
un sistema dinamico. Si en un dominio simplemente conexo G la expresion o

tiene un signo constante ( pudiendo anularse sobre una curva o sobre puntos aislados),
entonces el sistema no tiene trayectorias cerradas sobre el dominio G

V.(P,Q)=g—i+g—g=r—b—c—d+(—(1+a)r(£)a)

er—b—c—d<0->V-(P,Q)<0 V(P,Q) € R* xR*

r—b—c—d
(1+a)r

cr—b—c—d>0 - v-(P,Q)zo <—>P=Ki/
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2.1. Modelo sin medicacion

r—b—c—d

1+ a)r




2.1. Modelo sin medicacion

= O

R, i R, r—b—c—d>0

ﬁ—[(a r—b—c—d
B 1+ a)r

(.0
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2.1. Modelo sin medicacion

RI=R,UW

(2.0
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2.1. Modelo sin medicacion

Crecimiento tumoral sin medicacidn

1.0f v vy—v e Caso bd>(c+d)r
i ‘I" 'I! + + + “' F‘ ¥ FOFE N & A
] 'I‘ + + ¥y ¥ ¥ F & & A e
AL A - (r=0.5
Y L ror » - - 1=1
Y J r o’ - - - _
061 | 1 r o/ a e ]  b=1
q } k| Y e -l - _‘_-‘ C=O.2
v A - - w W W W ., Y
t ' - w W Y " v % w W
02t ! w v ¥ W OR W W v Y
- Y % % W R R R M
SN T T
E”:l : I ML T VIR P W . I
0.0 0.2 0.4 0.6 0.8 1.0
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2.1. Modelo sin medicacion

Crecimiento tumoral sin medicacién
Caso bd=(c+d)r

!|1|1|1|1' b L. L I | L
R T T T T . T A L A S R
LA 4 e ¥ 44 <<
E'Si " LR b + ~ fr=1
o\ : ST T a=1
% - w -
0al 1 {p=2
LA 1A r - w w w o w w c=1
q 1 1 - w w v = v 0 B
[ 1 1 w v w ™ kd:l
0.4 - w % )
| A * v % v e w0
1 1 y ¥y % % W WY
o2t Y % % % % % Y
3 L T U N
v LS
I:'.EI N e LY . W .
0.0 0.2 0.4 0.6 0.8 1.0
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2.1. Modelo sin medicacion

Crecimiento tumoral sin medicacién
Caso bd<(c+d)r

1.0 R
{.L x:.t H‘u NH A T T T T B
M " \ . 4 Y
08§ N NI\ [ r=1
D R R} « 1 » 1=1
0.6! NN N 2 { b=2
1 » 4 1 - -
q t N o c=1
; . o N \d=0.5
G'4: 4 . % O
A, » % 1
:],2-_ - * v )
i * %
LSS
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2.1. Modelo sin medicacion

)/a bK (1 bd )y

(P, Q1) = (K(1 = et dY et d)

r(c +d)

P, € (0,K)

el0 bK
¢ ‘c+d
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2.2. Modelo con medicacion

‘{.’ “ CHEMOTHERAPY destroys and shrinks cancer cells,
prevents them from thriving and multiplying. After
surgery, chemotherapy may be given to reduce the
chances of the cancer coming back. ??
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2.2. Modelo con medicacion

* Puntos fijos

O=TP<1—(§) )—b1P+cQ Q= b, P
0 =b,P—cQ—dQ

(PO' QO) — (0,0)

(PlJ Ql) —
(K(l _ (b + Cstat + Ctox)d +C Ctox 1/a (b + Cstat)

r(c+d) " c+d

Py)
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2.2. Modelo con medicacion

e Matriz Jacobiana

a

r (1 — (E) (1+ a)) —(b+cspqt + Crox) €

b +CStCLt —(C + d)
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2.2. Modelo con medicacion

Crecimiento tumoral con medicacion (b+cg .+ €, )d > (c + d)r-c ¢,

10~~~ v vV
R T T T I B A AR
N PRV L T T B .
9-55 1\ A B AN A
TR R L A i o - - a=1
LI 1 L I B - - - b=1
0.6 LT | Y rj» -« = = = 4 < c=1
q T T 1 - w - w Cstat = 0.5
LR - Ctox = 0.5
0.4 1T .m‘n‘; Ld:l
b - v ™
0.2p | WY
A
CRRY
™
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2.2. Modelo con medicacion

Crecimiento tumoral con medicacion (b+c it Ciox )d = (€ + d)r-c ¢y,

1.0~~~ . —
TR T T T O I A A e i
4 W 4 1 4 -
':"S_E A 1 1 g =1 (r=1
L 4 A 1 1 - - a=1
T T 1 1 - w = w b=1
EIE.._ 4 4 r - w w w { c=1
9 4\ » - % w v Y Cstat = 0.5
4 - v v w Y Ctox = 0.5
D'4: v 1 * v v ‘m‘; \d=0.5
4 L B S
9.2-_ AR * v v M
i wha v R R W
. w v Y
0 el el W W, -
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2.2. Modelo con medicacion

Crecimiento tumoral con medicacion (b+cg* €, )d < (c + d)r-c ¢,

1.':' ! o ™ N T T -y w Ty T W ]
IR -
L, % A - w
0.8f « « -~ v v oww (=1
L 4N vy Y ¥ v % a=1
E'E- oA vy Y ¥ wE b=2
R - vy Y Y ¥ R R W { c=1
q A -y ¥ O Y R W e W Cstatzo2
Gﬁl-—* 4 N N L . Ctox = 0.1
T a4 v o \d=0.5
! '\.".'ﬁ-.“".‘k.‘.‘:& -,
v A SRS\
D,E—* Yy % % % OWAR e % W W
N » % % % % CRENR R OR W
v SR T T U
I:'.EI L | e 1w w L Y . Y .
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2.2. Modelo con medicacion

(b + Cstar + Crox)d + € Crox 1/ (b + Cstat)
r(c+d) " c+d

(P, Q1) = (K(1 - P,)

P, € (0,k)

(b + cstar)K
c+d

b+c
N, € (0,1{ (1 + ““t>>
c+d

(0, € (0,
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2.2. Modelo con medicacion

Sin medicacion Con medicacion
bd < (c+ d)r (b+cgyt i )d < (¢ + d)r-c ¢,
1/ §
Y . bd a D . (b+CStat+Ct0x)d+C Ctox 1/(1
Py =K (1 r(c+d)) by = K(l r(c+d) )
L 5 3, = (b + csrqe)K -
Ye+d i 2 c+d ?
b b+cstar
N, € (o,k (1+ C+d)) N, € (O,K(l 2 ))
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2.3. Extra

Quiescent
tissue

Figure 2. Schematic view of the
model. P denotes the proliferative
tissue and Q the nonproliferative or
quiescent tissue. Proliferative
tissue is assumed to transition to
quiescence at a rate constant kpp.
The treatment concentration,
calculated from the individual dose
through an exponential decay with
the rate constant KDE, affects both
proliferative and quiescent tissue.
The tissue composed of cells in
proliferation (P) is directly
eliminated because of lethal DNA
damages induced by the
treatment. Nonproliferative tissue
(Q) is also subject to DNA damages
due to the treatment. When re-
entering the cell cycle, the DNA-
damaged quiescent cells (Qp) can

Lessions
dap repair?

- =

Death

Damaged
quiescent tissue

P

Proliferative Undamaged
tissue quiescent tissue

( _ either repair their DNA damages
V < \ Concentration and returnto a proliferative state (P)
or die because of unrepaired
damages.
KDE
Death

Fuente: Benjamin Ribba et al. A Tumor Growth Inhibition Model for Low-Grade
Glioma Treated with Chemotherapy or Radiotherapy. 2012
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dC

— = —KDE =% C

dt
%:}Lr,xl-"(l—%)—kkqppx(}p—kmxlj—}fpxﬁxKDExP
d

d?—kpgp vo X Cx KDE x Q
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Fuente: Benjamin Ribba et al. A Tumor Growth Inhibition Model for Low-Grade
Glioma Treated with Chemotherapy or Radiotherapy. 2012
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2.3. Extra
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Fuente: Benjamin Ribba et al. A Tumor Growth Inhibition Model for Low-Grade
Glioma Treated with Chemotherapy or Radiotherapy. 2012
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